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In this paper, we apply the recently found breakthrough topological method of Robson, Villari
and Biancalana (RVB) [1, 2] to the various black holes to derive their Hawking temperature. We
show that the RVB method can easily be employed to compute the Hawking temperature of black
holes having spherically symmetric topology. Therefore, we conclude that the RVB method provides
a consistent formula to achieve the Hawking temperature using the topology.
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I. INTRODUCTION
Before Hawking, black holes were considered the Uni-
verses most mysterious garbage collectors. It was once
believed that nothing could escape the immense gravi-
tational pull of one of these objects; they are so dense
that they even pull in light. But Hawking [3] found that,
in fact, something does escape a black hole: radiation.
Thanks to his work, we now know that black holes are
not even totally black. The equation of Hawking came up
with to explain how this phenomenon works became his
most notable achievement, one that is named for him: :
Hawking radiation. Hawking’s works [3, 4] connected two
conflicting concepts in theoretical physics: quantum me-
chanics and the theory of relativity, which are the two pil-
lars on which physics now rests, but they are really quite
incompatible to one another. Afterwards, various meth-
ods ([6–13]) have been proposed to obtain the Hawking
radiation. For example, Hawking and Gibbons derived
the Hawking temperature using the the Euclidean path
integral for the gravitational field [13]. Then, Wilczek
and Parikh showed that it is possible to derive the Hawk-
ing radiation via a quantum tunnelling proces [9]. This
phenomenon gained a lot of attention and has been ap-
plied on different compact objects such as black holes,
wormholes, black strings, and cosmic strings (see for ex-
ample [14–34]).
Recently, Robson, Villari, and Biancalana (RVB) have
shown that Hawking temperature of a black hole can
also be topologically derived [1, 2] such as obtaining the
entropy of the black hole from topology [35, 36]. The
method of RVB is based on the Gauss-Bonnet theorem
and the Euler characteristic, which are invariants of the
topology. In the RVB method, one uses the Euclidean ge-
ometry of the 2-dimensional spacetime (by applying the
Wick rotation [6]) to derive Hawking temperature with-
out losing any information of the 4-dimensional space-
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time. In fact, the lower dimensional base is a playground
for the holography and the stored information .
In this work, we shall apply the RVB method [1] to
various spacetimes of black holes such as dyonic Reissner-
Nordstro¨m black hole, Schwarzschild-electromagnetic
black hole, quantum corrected black hole, Schwarzschild-
like black hole in a bumblebee gravity model and linear
dilaton black hole. For this purpose, first we briefly re-
view the RVB method in the following section.
II. COMPUTATION OF HAWKING
TEMPERATURE VIA GAUSS-BONNET
THEOREM
As mentioned before, the method of RVB [1] computes
the black hole temperature in a simple way via the 2-
dimensional Euler characteristic and the Gauss-Bonnet
theorem [1, 2]. To understand the formalism of the RVB,
let us first consider the following 4-dimensional spheri-
cally symmetric and static black hole metric
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dθ2 + r2sin2θdφ2, (2.1)
which recasts in the following 2-dimensional Euclidean
Schwarzschild coordinates via the Wick rotation (τ = it)
and θ = pi
2
:
ds2 = f(r)dτ2 +
1
f(r)
dr2. (2.2)
One can easily compute the Ricci scalar of the above
metric as
R = − d
2
dr2
f (r) . (2.3)
The topological formula for the Hawking temperature
of the above two-dimensional black holes has been re-
cently invented by the RVB [1, 2] and it s given by
TH =
~c
4πχkB
∑
j≤χ
∫
rhj
√
gRdr, (2.4)
2where ~ is the Planck constant, c denotes the speed of
light, and the Boltzmann’s constant is represented by kB.
Moreover, Ricci scalar R is only the function of the ‘spa-
tial’ variable r, g is the Euclidean metric determinant,
rh stands for the horizon with j-th Killing horizon, and
χ denotes the Euler characteristic of Euclidean geome-
try. Besides,
∑
j≤χ shows the summation over the Killing
horizons. From now on, without any loss of generality,
we set the all physical constants to unity to simplify the
formulae and metrics.
III. HAWKING TEMPERATURE OF DYONIC
REISSNER NORDSTRO¨M BLACK HOLE
In this section, we shall apply the method defined
in previous section to the 4-dimenional dyonic Reissner
Nordstro¨m black hole (DRNBH) [28, 37, 38]. To this end,
we shall first consider the 2-dimensional DRNBH:
ds2 = −f(r)dt2 + 1
f(r)
dr2, (3.1)
where
f(r) = 1− 2M
r
+
Q2 + P 2
r2
, (3.2)
which admits the following event horizon:
rh = M ±
√
M2 −Q2 − P 2. (3.3)
By using the Wick rotation, we turn the Riemannian
metric (3.1) of DRNBH to the Euclidean spacetime:
ds2 =
(
1− 2M
r
+
Q2 + P 2
r2
)
dτ2 (3.4)
+
1(
1− 2M
r
+ Q
2+P 2
r2
)dr2.
By following [1] and knowing that 2-dimensional Eu-
clidean spacetimes have topology of R2 and Euler char-
acteristic χ = 1 [35], we utilize the formula (2.4) to get
the Hawking temperature of the DRNBH. So, we have
TH =
1
4π
∫
rh
√
gRdr, (3.5)
in which g = 1 and the Ricci scalar of the DRNBH:
R =
4M
r3
− 6(P
2 +Q2)
r4
. (3.6)
After evaluating the integral (3.5), we get the temper-
ature of the DRNBH as:
TH =
√
M2 −Q2 − P 2
2π
(
M +
√
M2 −Q2 − P 2
)2
,
(3.7)
which is fully in agreement with the standard Hawking
temperature result (TH =
κ
2pi
) of the DRNBH [28].
IV. HAWKING TEMPERATURE OF
SCHWARZSCHILD-ELECTROMAGNETIC
BLACK HOLE
For the line-element (3.1), the metric function for the
Schwarzschild-electromagnetic black hole [39] reads
f = 1− 2M
r
+
M2
(
1− a2)
r2
. (4.1)
Schwarzschild-electromagnetic black hole possesses a
Killing horizon related to the time-isometry and its hori-
zon is located at
rh = M(1 + a). (4.2)
Using the RVB formula (3.5) with the Ricci scalar of
the Schwarzschild-electromagnetic black hole:
R = 4
M
r3
− 6 M
2
(−a2 + 1)
r4
, (4.3)
We get the temperature of the Schwarzschild-
electromagnetic black hole from the topology as
follows:
TH =
1
4π
2a
M(a+ 1)2
, (4.4)
which is nothing but its Hawking temperature [40].
V. HAWKING TEMPERATURE OF REISSNER
NORDSTRO¨M-LIKE BLACK HOLE WITH
QUANTUM POTENTIAL
The metric function of the Reissner Nordstro¨m-like
black Hole with quantum potential for the Euclidean
spacetime (3.1) is given by [41]:
f(r) = 1− 2M
r
+
~η
r2
, (5.1)
where η is a constant. The event horizon of this black
hole is located at
rh = M ±
√
M2 − η~, (5.2)
and its Ricci scalar yields
R = 4
M
r3
− 6 hη
r4
. (5.3)
After substituting Eq. (5.3) into the RVB integral (3.5)
and in sequel making a straightforward computation, one
gets the temperature of the black hole as follows
TH =
√
M2 − η~
2π
(√
M2 − η~+M
)2 . (5.4)
The result obtained in Eq. (5.4) perfectly fits with the
value of the Hawking temperature given in [41]:
3VI. HAWKING TEMPERATURE OF
SCHWARZSCHILD-LIKE BLACK HOLE IN
BUMBLEBEE GRAVITY MODEL
The asymmetric metric functions of Schwarzschild-like
black hole in the bumblebee gravity model (i.e., an exact
vacuum solution from the gravity sector contained in the
minimal standard-model extension) are given by [43]:
gtt = 1− 2M
r
, (6.1)
and
grr = (1 + ℓ)
(
1− 2M
r
)−1
(6.2)
where l is a constant and known as the Lorentz vio-
lating parameter [43]. The event horizon of this black
hole is nothing but the event horizon of the standard
Schwarzschild black hole: rh = 2M and it has the follow-
ing Ricci scalar:
R =
4M
r3 (1 + l)
. (6.3)
Employing the formula of the RVB (3.5), we obtain the
temperature of the Schwarzschild-like black hole in the
bumblebee gravity model:
TH =
1
8Mπ
√
1 + l
, (6.4)
which is exactly equal to its standard Hawking tempera-
ture [43].
VII. HAWKING TEMPERATURE OF LINEAR
DILATON BLACK HOLE
The 4-dimensional line-element of the static, spheri-
cally symmetric but non-asymptotically flat linear dila-
ton black hole is given by [44, 45]
ds2 = −r − b
r0
dt2 +
r0
r − bdr
2 + r0r
(
dθ2 + sin2 θdφ2
)
,
(7.1)
where b = 4M (M : quasilocal mass), r0 =
√
2Q (Q:
background electric charge), and the event horizon is
rh = b. Since the topology of the linear dilaton spacetime
(7.1) is different than the Schwarzschild family of black
holes. Thus, the formula of RVB for having the black
hole temperature in 4-dimensional Euclidean spacetime
becomes [2]:
TH =
1
4π
∫
dr
√
g
(
K1 − 4RabRab +R2
)
, (7.2)
where
(
K1 − 4RabRab +R2
)
=
b
r3r0 2
. (7.3)
Ricci scalar of the 4-dimensional linear dilaton black
hole can be computed as follows
R =
(
r − b
2r2r0
)
. (7.4)
Then, substituting Eq. (7.3) into Eq. (7.2), we obtain
TH =
1
4πr0
. (7.5)
It is worth noting that the temperature of the linear dila-
ton black hole is independent of the mass parameter b. In
fact, as can be seen from Eq. (7.5), the temperature de-
pends only on constant r0, which means that these black
holes radiate isothermally [30, 31].
Alternatively, Charles W. Robson and Fabio Bian-
calana [1, 2] have very recently proven us (in accordance
with the fruitful discussion between us) that one gets the
same answer from the 2-dimensional Euclideanised space-
time from the following way. If we first divide the metric
overall to r/r0 and suppress the spherical part, we get
ds2 =
r(r − b)
r20
dt2 +
r
(r − b)dr
2. (7.6)
To find the temperature of linear dilaton black hole, we
employ Eq. (2.4) and obtain
TH =
1
4πχ
∫
rh
√
g|R|dr = 1
4πr0
, (7.7)
in which
√
g = r
r0
and the Ricci scalar of the Eu-
clideanised linear dilaton black hole spacetime:
R = − b
r3
, (7.8)
where the Euler characteristic used in Eq. (7.7) is χ =
1.
VIII. CONCLUSIONS
In this paper, we have briefly reviewed the RVB
method, which considers the topological fractions to-
gether with the Gauss-Bonnet theorem. Then, we have
applied the RVB method different spacetimes including
the non-asymptotically flat ones. This new approach
shows that Hawking radiation possesses a topological ef-
fect coming from the Euler characteristic of the space-
time. The Ricci scalar of the spacetime encodes all the
information about the spacetime, so that it, with the
Euler characteristic of the metric, enables us to derive
temperature of the black hole.
To support the use of the RVB method by samplings,
we have derived the temperature of dyonic Reissner-
Nordstro¨m black hole, Schwarzschild-electromagnetic
black hole, Reissner-Nordstro¨m-like black hole with
4quantum potential, Schwarzschild-like black hole in a
bumblebee gravity model, and the linear dilaton black
hole. Hence, we have verified the reliability of the method
on different spacetimes. Hence, this new formula which
is founded by RVB will break ground in this area.
The cylindrical spacetimes have different topology then
the spherical ones. The application of the RVB method
on the black strings may reveal more information com-
pared to the present case. This is the next stage of study
that interests us.
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